In this paper we derive the fourth-order asymptotic expansions of the trapezoidal approximation for the fractional integral and the L1 approximation for the Caputo derivative. We use the expansion of the L1 approximation to obtain the three point compact approximation for the Caputo derivative
Introduction
Fractional calculus is a rapidly growing field of science. Differential equations with the Caputo and Riemann-Liouville fractional derivatives are used for modeling processes in economics, physics and engineering [6, 26, 37, 40, 43] . The Caputo fractional derivative and the fractional integral of arbitrary order are defined as a convolution of the derivatives of the function and the power function. The fractional integral of order α > 0 on the interval [0, x] and the Caputo derivative of order n + α, where 0 < α < 1 and n is a positive integer are defined as
α−1 y(ξ)dξ,
The Caputo derivative is expressed as a composition of the fractional integral of order 1 − α and the derivative of the function of order n + 1
While analytical methods such as separation of variables, Laplace and Fourier transforms are used for solution of fractional differential equations, most of the equations used in practical applications are solved by a numerical method. The finite difference schemes for numerical solution of partial fractional differential equations use a discretization of the fractional derivative. Let N be a positive integer and X N = {x n = nh; n = 0, 1, · · · , N} be a uniform mesh on the interval [0, x] with step size h = x/N. Denote by y n the value of the function y at the point x n . An important approximation for the Caputo derivative is the L1 approximation
with weights σ When the function y has a continuous second derivative, the accuracy of the L1 approximation is O(h 2−α ) ( [38] ). The L1 approximation has been often used for numerical solution of ordinary and two-dimensional partial fractional differential equations. The accuracy of the L1 approximation is insufficient for numerical solution of multidimensional fractional differential equations which require a large number of computations, especially when the order of fractional differentiation is close to one. There is an increasing interest in high-order approximations for the Caputo and Riemann-Liouville fractional derivatives, which stems from the practical and the mathematical value of the fractional derivatives. In previous work [13] we determined the second-order expansion of the L1 approximation (7) and the second-order approximation for the Caputo derivative (2) , by modifying the first three coefficients of the L1 approximation with the value of the Riemann zeta function ζ(α − 1),
where δ One approach for constructing high-order approximations for the Caputo and Riemann-Liouville fractional derivatives is based on approximating the function y on the subintervals of the mesh X N by Lagrange polynomials or spline interpolation [5, 4, 10, 33, 36] . Another commonly used approach for approximation of the fractional derivative is based on the expansion of the generating function and the Fourier transform of the approximation [7, 8, 12, 34, 50, 55] . The two approaches are effective for constructing approximations for the fractional derivatives, although the formulas for the weights of the high-order approximations may involve complex expressions. The compact approximations use an approximation for the fractional derivative and the higher accuracy is achieved by approximating a linear sum of fractional derivatives on adjacent nodes of the mesh. The compact approximations combine simpler expressions for the weights with a high-order accuracy of the approximation. Compact finite difference schemes for numerical solutions of partial fractional differential equations based on the Grünwald and shifted Grünwald approximations are discussed in [12, 23, 46, 52, 55] . Yan,Pal and Ford [51] construct an approximation of the Caputo derivative and a numerical solution of the fractional relaxation equation with accuracy O (h 3−α ). Gao, Sun and Zhang [19] use a quadratic interpolation on a three-point stencil to derive an L1 − 2 formula approximation for the Caputo derivative with accuracy O (h 3−α ). In recent work, Li, Wu and Ding [35] derive an approximation for the Caputo derivative of order 3 − α and compute the numerical solutions of the advection-diffusion equation with accuracy O (τ 3−α + h 2 ) and O (τ 3−α + h 4 ). In [14] we discuss a method for improving the accuracy of the numerical solutions of the ordinary fractional relaxation equation
and the time-fractional subdiffusion equation
when the solutions are nonsmooth functions at the initial point and we compare the numerical solutions which use the L1 approximation (1) and the modified L1 approximation (2) for the Caputo derivative. The method is based on computing the fractional Taylor polynomials of the solution at the initial point of fractional differentiation. In the present paper we extend the results of [13] . In Lemma 11 we determine the fourth-order expansion of the L1 approximation for the Caputo derivative
and the three-point compact approximation
When the function y is a differentiable function and y ′ (0) = 0 the accuracy of compact approximation (3) is O (h 3−α ). The outline of the paper is as follows. In section 2 we introduce the facts from Fractional calculus used in the rest of the paper. In section 3 we determine the fourth-order expansion (8) of the trapezoidal approximation for the fractional integral of order 2−α. In section 4 we determine the fourthorder expansion (9) of the L1 approximation for the Caputo derivative and the three-point compact approximation (3) . In section 5 we compare the numerical solutions of the fractional relaxation and subdiffusion equations which use approximations (1), (2) and (3).
Preliminaries
The Caputo derivative of order α, when 0 < α < 1 is defined as
Denote by J α y(x) the fractional integral
When α = 0 the fractional integral J 0 y(x) is equal to the definite integral of the function y on the interval [0, x]. The fractional integrals J α y(x) and I α y(x) are related with
In [13] we showed that
The Miller-Ross sequential derivative is defined as
The fractional Taylor polynomials of degree m for the Miller-Ross derivatives y [nα] (0) are defined as
The fractional Taylor polynomials approximate the value of the function
, where h is a small positive number. The one-parameter and two-parameter Mittag-Leffler functions are defined for α > 0 as
When α = β = 1 the Mittag-Leffler functions are equal to the exponential function. The Caputo derivative and the fractional integral of the exponential function are expressed with the Mittag-Leffler functions as [22] 
From the formula for the sine function
, we obtain
and
The expressions for the analytical solutions of fractional differential equations often contain the Mittag-Leffler functions. The initial value problem,
has the solution
The Grünwald-Letnikov fractional derivative is closely related to Caputo and Riemann-Liouville derivatives
. The Grünwald formula approximation for the Caputo derivative has a first-order accuracy
When the function y is differentiable and y(0) = y ′ (0) = y ′′ (0) = 0, the Grünwald formula approximates the Caputo derivative at the point x − αh/2 with second-order accuracy
The Grünwald formula approximation for the Caputo derivative has a fourthorder expansion
In [12] we discuss the two-point and three-point compact Grünwald approximations for the Caputo derivative and the numerical solutions of the fractional relaxation and subdiffusion equations.
In the present paper we derive the fourth-order expansion (8) of the trapezoidal approximation for the fractional integral J α y(x) and three-point compact approximation (3) for the modified L1 approximation. The trapezoidal sum of the function y on the interval [0, x] is defined as
When the function y is a differentiable function the trapezoidal sum is a second-order approximation for the definite integral on the interval [0, x],
The asymptotic expansion of the trapezoidal approximation for the definite integral is given by the Euler-MacLaurin formula [2, 27, 29] ,
The Bernouli numbers B n with an odd index are equal to zero, and the Bernoulli numbers with an even index are expressed with the values of the Riemann zeta function at the even integrs
The Bernoulli numbers have a high growth rate and the above sum diverges for many standard calculus functions. The properties of the Bernoulli numbers and the Bernoulli polynomials are discussed in Kouba [27] . The asymptotic expansion formula for the sum of the powers of the first n integers is related to the Euler-MacLaurin formula [2] n−1
In [13] we use expansion formula (6) to derive the second order expansions
In the present paper we extend the results from [13] . We determine the fourth-order expansions
and the three-point compact approximation for the Caputo derivative
n .
The accuracy of the approximation is O (h 3−α ) when y ′ (0) = 0. The functions y(x) = e
x − x and y(x) = cos x are differentiable functions and satisfy the condition y ′ (0) = 0. In Table 1 and Table 2 we compute the error and the order of compact approximation (3) and fourth-order expansion (8). Table 1 : Error and order of approximation (3) for the functions y(t) = e t − t (left) with α = 0.5, x = 2, and y(t) = cos t, α = 0.75, x = 1 (right). 2.244120 Table 2 : Error and order of approximation (8) In the present section we determine the fourth-order expansion (8) of the trapezoidal approximation for the fractional integral
where 0 < α < 1. When the function y is a differentiable function on the interval [0, x], the trapezoidal approximation for the definite integral has second-order accuracy O (h 2 ). From the Euler-MacLaurin formula the trapezoidal sum of the function y has a fourth-order asymptotic expansion
The function z(t) = (x − t) α y(t) has a singularity on [0, x], because its first derivative is unbounded at the point t = x. In Theorem 5 we determine the fourth-order expansion of the trapezoidal approximation for the fractional integral J α y(x). The expansion formula contains the term ζ(−α)y(x)h 1+α . When y(x) = 0 the trapezoidal approximation for the definite integral of the function z has accuracy O (h 1+α ) and the trapezoidal approximation has second-order accuracy if y(x) = 0. In Lemma 1, Lemma 2 and Lemma 3 we determine the fourth-order expansions of the trapezoidal approximations for the functions
The proofs of the lemmas use the expansion formula approximation for the sum of the powers of the first n integers
Lemma 1. Let y(t) = 1 and z(t) = (x − t) α . Then
Proof. The function z has trapezoidal sum
. From (10)
We have that
Proof. From expansion (10)
Proof. From (10)
In the next theorem we determine the fourth-order expansion of the trapezoidal approximation for the fractional integral J α y(x), when the function y(x) is a polynomial.
Theorem 4. Let y(t) be a polynomial and z(t) = (x − t) α y(t). Then
Proof. Let y(t) be a polynomial of degree m. From Taylor expansion of the function y(t) at the point t = x
The coefficients p k are expressed with the values of the derivatives of the function y(t) at the point t = x,
Denote
The function z(t) has a first derivative at the point t = 0,
The function z 2 (t) has a continuous and bounded third derivative on [0, x] and z
Now we determine the fourth-order expansion for the trapezoidal sum of the function z 1 (t). From Lemma 1, Lemma 2 and Lemma 3,
From (12), (13) and (14) we obtain
From the formula (11) for the coefficients of y(t),
Now we extend the result from Theorem 4 to any sufficiently differentiable function y on the interval [0, x]. By the Weierstrass Approximation Theorem every continuous function on the interval [0, x] is uniformly approximated by polynomials: for every ǫ > 0 there exists a polynomial p(t) such that
We can show that if y(t) is a sufficiently differentiable function, there exists a polynomial p(t) such that
for all t ∈ [0, x]. The proof is similar to the proof of Theorem 8 in [13] .
Theorem 5. Let y(t) be a sufficiently differentiable function. Then
The function z has a trapezoidal sum
Let ǫ > 0 and p(t) be a polynomial which satisfies (15) . From Theorem 4
From the expansion formula for the sum of powers (6),
• Now we estimate
.
• Estimate for J α y(x) − J α p(x).
• Estimate for
From (16), (18) and (19) we obtain
By letting ǫ → 0 we obtain
The Caputo derivative of the function y is expressed (4) as the composition of the fractional integral J 1−α and the second derivative of the function y. The expansion formula (20) for the trapezoidal approximation of the fractional integral J 1−α is a direct consequence of Theorem 5. In Lemma 10 we use (20) to derive the fourth-order expansion of the L1 approximation for the Caputo derivative.
Corollary 6. Let y(t) be a sufficiently differentiable function. Then
4 Expansion of the L1 Approximation for the Caputo Derivative
In [13] we determined the second-order expansion (7) of the L1 approximation for the Caputo derivative. In this section we extend the method of [13] to determine the fourth-order expansion (9) of the L1 approximation and the three-point compact approximation (3) for the Caputo derivative. Denote by L h [y] the non-constant part of the L1 approximation
Let ∆ 1 h y n and ∆ 2 h y n be the forward difference and the central difference of the function y(x) at the point x n = nh,
In Lemma 4 and Lemma 5 of [13] we determined the representation of
and the second-order approximation
From Taylor expansion of the function y(x) at the points x = x 0.5 = 0.5h and x = x n = nh we obtain
Lemma 7. Let y(t) be a sufficiently differentiable function. Then
Proof. From (21) and approximations (22) for ∆ 1 h y 0 and ∆
From (17)
O h
The fractional differentiation and integration operations on a function are non-commutative. We often consider the fractional integral as a fractional derivative of negative order. In Lemma 8 and Lemma 9 we determine the relations for the composition of the fractional derivative/integral and the second derivative.
Lemma 8. Let y(t) be a sufficiently differentiable function. Then
Proof. By differentiating the fractional integral J α y(x) with respect to x we obtain
By differentiating (24) with respect to x we obtain
Lemma 9. Let y(t) be a sufficiently differentiable function. Then
Proof. From (4) and (23) we have that
The first expression is the Caputo derivative (4) of the function y ′′ (x). Then
Lemma 10. Let y(t) be a sufficiently differentiable function. Then
Proof. From Corollary 6 and Lemma 7
where
0 .
By Taylor Expansion at x = 0,
Then
By substituting (27) in (26) we obtain
From (4) we have that
Lemma 11. Let y(t) be a sufficiently differentiable function. Then
Proof. From (4) and Lemma 9,
From Lemma 8,
By substituting the expression (29) for (25) we obtain (28).
The fourth-order expansion formula (9) of the L1 approximation for the Caputo derivative is obtained from the expansion (28) of L h [y] by dividing by Γ(2 − α). The error and order of approximation (9) for the functions y(x) = e x and y(x) = sin x are given in Table 3 . In Theorem 13 we use the first terms of expansion (9) to derive the formula for the three-point compact approximation (3) for the Caputo derivative.
Claim 12.
Suppose that y is a sufficiently differentiable function. Then
Proof. From Taylor expansion at the point x
Theorem 13. Suppose that the funcyion y is a sufficiently differentiable function on the interval [0, x n ] and y ′ (0) = 0. Then
Proof. The L1 approximation has expansion of order 3 − α,
From Claim 12,
The second-order backward difference approximation for the second derivative has first-order accuracy Table 3 : Error and order of the expansion (9) of the L1 approximation for the Caputo derivative for the functions y(t) = e t and α = 0.4, x = 2 (left) and y(t) = sin t, α = 0.6, x = 1 (right). 
3.950424

Numerical Experiments
The fractional relaxation and subdiffusion equations are important fractional differential equations. Their analytical and numerical solutions have been studied extensively [3, 9, 12, 13, 14, 17, 20, 31, 38, 42, 44, 54] . In this section we determine the numerical solutions of the fractional relaxation and subdiffusion equations which use the compact modified L1 approximation for the Caputo derivative
The fractional relaxation equation
The analytical solution of the subdiffusion equation
is determined with the separation of variables method
where the numbers c n are the coefficients of the Fourier sine series of the initial condition u 0 (x),
In [13, 14] we derived the numerical solutions {u n } N n=0 and {v n } N n=0 of the fractional relaxation equation (30) which use the L1 approximation and the modified L1 approximation for the Caputo derivative,
and initial values u 0 = v 0 = y(0). We may also need to approximate the value of y 1 = y(h). A good choice for approximating y 1 is obtained from the recurrence formula of numerical solution (L1),
In [14] we discuss a method for improving the differentiability class of the solutions of the fractional relaxation and subdiffusion equations. The method is based on a substitution using the fractional Taylor polynomials of the solution. When known in advance that y(0) = y ′ (0) = 0, we may also set u 1 = v 1 = 0. This choice guarantees that the approximations u 1 and v 1 for the value of y 1 = y(h) have a second-order accuracy O (h 2 ).
Numerical Solution of the Fractional Relaxation Equation
Now we construct the numerical solution of the fractional relaxation equation on the interval [0, 1] using the compact modified L1 approximation for the Caputo derive
Let h = 1/N and x k = kh.
From (31) with x = x k we obtain y
Let w n be an approximation for the solution y n at the point x n = nh. The numbers w n are computed recursively with w 0 = y 0 = y(0) and
In Table 4 and Table 5 we compute the maximum error and order of numerical solutions (L1),(ML1) and (CML1) for the fractional relaxation equations (32) and (34) on the interval [0, 1].
• The linear ordinary fractional differential equation
has the solution y(x) = x 3−a . Numerical solutions (ML1) and (CML1) are highly accurate approximations for the solution of equation (32), and their graphs are indistinguishable. In Figure 1 and Figure 2 we compare numerical solutions (ML1) and (CML1) with numerical solution (L1) on the interval [0, 1], when h = 0.1.
• The fractional relaxation equation 
The function E α (−x a ) has an unbounded first derivative at x = 0. The numerical solutions (L1) and (ML1) of relaxation equation (33) have accuracy O (h α ). In [14] we described a method for improving the accuracy of the numerical solutions of the fractional relaxation and subdiffusion equations. The method uses the fractional Taylor polynomials of the solution
Now we determine the values of the Miller-Ross derivatives of the solution at the initial point x = 0,
By applying fractional differentiation of order α to both sides of equation (33) we obtain
By induction we can show that
The solution of relaxation equation (33) has fractional Taylor polynomials
Now we apply the method from [14] . Substitute
m (x). The function z(x) is a solution of the fractional relaxation equation
Equation (34) has the solution
When α = 0.6 and m = 4 the solution of equation (33) has a continuous third derivative on the interval [0, 1] and z(0) = z ′ (0) = z ′′ (0) = 0. In Table 5 we compute the maximum error and the order of numerical solutions (L1),(ML1) and (CML1) of the fractional relaxation equation (34) Table  4 and Table 5 
which use the L1 approximation (1) and the modified L1 approximation (2) for the Caputo derivative. Let U m n be an approximation for the value of the solution of the subdiffusion equation u m n = u(nh, mτ ) and
be an approximation for the Caputo derivative. The finite-difference scheme for the subdiffusion equation which uses approximation (36) is
where η = Γ(2 − α)τ α /h 2 and the matrix K is a tridiagonal square matrix with values ρ (α) 0 + 2η on the main diagonal, and −η on the diagonals above and below the main diagonal,
The vector U m is an (N − 1)-dimensional vector whose elements U 
We denote by [L1] and [ML1] the numerical solutions (37) of the subdiffusion which use the L1 approximation ρ
. Now we construct a compact finite-difference scheme for numerical solution of the subdiffusion equation using approximation (3) for the Caputo derivative on the three-point stencil
From equation (35) we have
By approximating the second derivatives in the space direction using the second-order central difference approximation we obtain
The numbers U m n ≈ v m n satisfy the equations
, where 1 ≤ n ≤ N − 1 and 1 ≤ m ≤ M. By considering the boundary conditions we obtain the three-point compact finite-difference scheme for the time fractional subdiffusion equation
where K is a triangular (N − 1) × (N − 1) matrix with values δ
0 + 13η/6 on the main diagonal, and −13η/12 on the diagonals above and below the main diagonal,
The vector R m is an (N − 1)-dimensional vector with elements
Denote by [CML1] the three-point compact finite-difference scheme (38) for the time-fractional subdiffusion equation. In Table 6 and Table 7 
where F (x, t) = Γ(4 − α) Γ(4 − 2α) 1 + 2x 2 + 3x 3 t 3−2α − (4 − 18x)t 3−α , has the solution u(x, t) = (1 + 2x 2 + 3x 3 ) t 3−α . The solution of equation (39) satisfies the condition y ′ (0) = 0. 
has the solution u(x, t) = sin xE α (−t α ). In [14] we determined the partial Miller-Ross derivatives of the solution at t = 0, 
In (41) and (42) in the space and time directions. 
Conclusions
In the present paper we obtained the compact modified L1 approximation (3) for the Caputo fractional derivative and we computed the numerical solutions of the fractional relaxation and subdiffusion equations. Numerical solution (38) is the first three-point compact finite-difference scheme for the fractional subdiffusion equation which uses the coefficients of the L1 approximation and the value of the Riemann zeta function at the point α − 1. The accuracy of the compact modified L1 approximation is O (h 3−α ), while the three-point compact Grnwald approximation (5) has accuracy O (h 3 ). One advantage of compact approximation (3) is that the coefficients on the right-hand side are the same for all values of α, as well as the that the only requirement for the function y is that y ′ (0) = 0. An important question for future work is to prove the convergence of the numerical methods discussed in the paper. Another question for future work is to derive higher-order compact approximations based on the the L1 approximation and Grünwald formula approximation for the Caputo derivative.
